It was shown in [3] that 1. gl. dim R :g 1 + 1. gl. dim S m While equality does not hold in general, we show that it does under suitable conditions (Theorem 2, § 5). This is achieved in three steps. The first is to show that for any ring S, any ϋ?-module M and an S-projective resolution for ikf, there exists an iϋ-projeetive resolution of M which "lifts" the given resolution (Theorem 1, § 3). The next step is to use this resolution to prove Theorem 2 in the special case in which S is a local ring (Proposition 1, §4). The final step consists in deducing Theorem 2 by the method of localisation.
The authors would like to express their thanks to M. P. Murthy and A. Roy for their kind help during the preparation of this paper.
2* Preliminaries on Ore-extensions* Let S be a ring with unit element (denoted by 1), which is not necessarily commutative, and let d be a derivation of S into itself. Let S{x, d} denote the Ore-extension of S with respect to d (see [5] ). We recall that R -S{x, d} is the ring generated by an indeterminate x over S with the relations xs -sx -ds for every se S. We identify S with a subring of R. We collect here some properties of R which will be used in the later sections. to be the mapping which defines the S-module structure on M.
(2.4) If M is a protective left S-module, then M can be converted into a left l?-module.
Proof. We first remark that S can be considered as a left i?-module. In fact, with the notation of (2.3) we choose / -de Hom z (>S, S). By a direct sum argument, it is clear that any free left S-module can be regarded as an i?-module. Now let M be any protective left S-module and let M be a direct summand of a free S-module F. Since F is a left i?-module, there exists an fe Hom z (,P,
Hence M can be regarded as an ί?-module.
(2.5) R becomes a filtered ring by setting F P R -Σo^i^D S.x\ The associated graded ring E°(R) of R is isomorphic to S [x] , the usual polynomial ring in one variable x over S.
Proof. See [3] . 3* Lifting of resolutions* Let M be a left E-module and let
be an S-projective resolution of M. Our aim in this section is to construct an J5-projective resolution which "lifts" the above resolution.
We first prove the following The map εo/ 0 ' -foe : X Q ->M is easily verified to be S-linear. Since X Q is S-projective there exists an /" e Hom s (X 0 , such that eo/ 0 ' -/os = εo/ 0 ". We choose f o =fό -f". Then (i) and (ii) are verified for i = 0.
Assume inductively that / 5 0 ^ j" 5= i -1 have already been defined satisfying (i) and (ii). Since X { is S-projeetive, there exists // e Hom z (Xί, Xi) such that f!(sa) -sf{{a) = eZsα for seS,αe X ί# The map d< o// -/^ o c^: Jf,. -> χ i _ 1 is easily verified to be S-linear. We have, (with the convention f t -f and d 0 = ε),
Hence the image of X { by (?*©// -f^odi is contained in the kernel of di_ x -Im. di. Since JSΓ^ is S-projective, there exists //' e Hom s (X ί , X t ) such that diofl -f^odt = ^o//'. We may choose /;=//-//' and /< satisfies (i) and (ii). This completes the proof of the lemma.
We set X_! = 0 and define for i ^ 0
where y is a dummy. We set d 0 = 0 and define for i ^ 1, the J?-homomorphism d^: X^ -> X^i by
We define the jB-homomorphism έ:
Proof. For a e X u εod^l 0 a) = ε(l (g) ^α) = εd^α) = 0, and for 
(with the convention that /_ x = 0) = 0.
Thus (*) is a complex of left .fi-modules. To prove that the complex is acyclic, we define a suitable filtration on the complex whose associated graded is acyclic. By a well-known lemma on filtered complexes the acyclicity of (*) follows immediately. For i ^ 0, let 9 X, = F P R <g> X, + F^R. y s s where {F P R} is the filtration on R defined in (2.5). We define Then hd R M = n + 1.
Proof. Using the complex (*) of Theorem 1, we find that hdjή g n + 1. We now compute Ext£ +1 (^, N f ) for any jβ-module N'. We have where β w is the set of all g e Hom^(X % , iV') such that there exist g 1 e Hom^(X % , N') and g 2 e Rom s (X n _ lf N') with for any α: 6 JSΓ Λ .
Let β be a free generator of X n as an S-module and let f n (β) s β; se S. If g e B n , we have
Let θ be the automorphism of R such that θ(x) -x + s and θ \ S ĩ dentity. (This exists in view of (2.1)). If we choose N' -Θ N (i.e., N considered as an i?-module through θ), we find g(β) = g 2 (d n β) and hence g(a) = g 2 {d n a) for any a e X n .
) for every a G X % __i}. However, using the resolution (X^, di) for ikf to compute Ext, we find ExtS(Λf, N') ** Hom^(X., N')jBi. Hence
since N and iV' are isomorphic as S-modules. This proves the lemma.
Proof of proposition.
By [2, p. 74, Prop. 2] , it follows that gl. dim R ^ gl. dim S. Thus, if gl. dim S = oo, we have gl. dim R-oo and the proposition is proved. We therefore assume that gl. dim Sn < oo. If If = S/2)ΐ, we have hd s M = n. Let
be the "Koszul resolution" for M [1, p. 151] . Since X n =E°(y ly ••,#*), where Sf (^ , y n ) is the t^th component of the exterior algebra on Vu ' , 2/» over S, condition (i) of the above lemma is satisfied. Since d(S) c SDt, it is clear that M" can be regarded as an I?-module satisfying xM=0 (See (2.3) ). Since ExtS(Jlf, M) Φ (0), [1, p. 153] , condition (2) of the lemma is satisfied with N = M. Thus, by the above lemma, we have hd R M -n + 1. Hence gl. dim R ^ n + 1. Since gl. dim iϋ Ŵ r + 1 [6, Th. 1 or 3] , the proposition is proved.
5* The case of Noetherian rings* In this section, we prove the following THEOREM 
Let S be a commutative Noetherian ring and let d be a derivation of S suck that any one of the following two conditions is satisfied:
( The left S^-isomorphism φ : S^ ®#R-+R given by φ>(l 0 a?*) = aj*GjB satisfies φ{l®f) = η(f) for any /GJB. We have Thus, <ρ is an isomorphism of right J?-modules. Since S^ 0^ R is right .β-flat, (1) is proved. Let
be an exact sequence where F x and F are β-free with bases {e a } and {f β } respectively. We then have This proves (2) . We now complete the proof of the lemma. Let M be any left 5-module and let M f be a left i?-module such that (2) is exact in view of (1) . Since Rξ&Xi is .R-projective, it follows that (R (g) X i9 10 di) is an i?-projective resolution of M. In particular,
R
we have hd-^M g hd B M' ^ gl. dim R. Since Λf is arbitrary, it follows that gl. dim R ^ gl. dim R. This proves the lemma and hence the theorem.
REMARK. Let S = K[x u , x n ] be the polynomial ring in n variables over a field K. It is well-known [7, Chap. Ill Cor. 4 to Th. 5] that Krull dimSs^ is the same for all maximal ideals 3Ji of S. Let d be a iΓ-derivation of S given by d(Xi) -f im Then the derivation d satisfies condition (2) of Theorem 2 if and only if f if 1 ^ i ^ n are not coprime and in this case we may apply the theorem and we have gl. dim R -n + 1. This includes the special case of Theorem 1 of [6] in which K is a field.
